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Modified rotation transformation method for the
calculation of repulsion integrals
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A modified rotation transformation method for two electron repulsion integrals is intro-
duced in this paper. The percentage of nonzero matrix needed to perform the calculation is
less than 30 in this method.

0. Introduction

In the ab initio method the total computational speed depends on the speed of
calculation of the electron repulsion integrals. Molecular integrals with GTO basis have
been reviewed recently [3]. There are many developments about the recurrence relation
technique. McMurchie and Davidson (MD) proposed a recursion relationship [7] and
performed its implementation [8]. Dupuis, Rye and King (DRK) proposed the use of
anumerical quadrature [2,6] and that advantage be taken of arecurrence relation [11].
There are many works in which recurrence relations are proposed; they can make
the calculation of ER1 and its derivatives [4,5,9] easier. Another loca coordinate
system method has been proposed by Pople and Hehre (PH) [10] and this technique
was incorporated into the Gaussian 70 program. In the calculation of H,O,, the PH
method requires only one fifth of the computation time required by the MD and DRK
method [4]. It is believed that the local system method is very efficient, but in the PH
method, the direction of the axes depends on the position of @ but not P, which means
that the rotation transition of the P side axes are performed only. Hence, a modified
rotation transformation method for two electron repulsion integrals is introduced in
this paper.

1. Thematrix expressions of repulsion integrals

The formula for eectron repulsion integrals with GTO basis is
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Figure 1. Relative position and vectors of points.
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12
In equation (1.1), X; and X> are functions of the first electron, the centers of X3
and X, areon A and B, respectively, X3 and X4 are functions of the second electron,
the centers of X3 and X4 are on C' and D, respectively, as shown in figure 1.
According to the multiplication character of gaussian functions, we can transform
two centers A and B into a single center P. Similarly, C' and D can be transformed
into Q. Then the four center repulsion integral equation (1.1) becomes a repulsion
integral about the two centers P and () expressed as follows:

ERL = N1N,N3Ng exp(-ﬂﬁz> exp(—&c_ﬁ)
a1+ as a3z + aq

X Z fo(l1,12, APx, BPx) fj, (m1,m2, APy, BPy) fy,(n1,n2, APz, BPz)
g1j1ka

X Z f!]z(l?"l4'C_QX1D_QX)fj2(m31m4:C_QY'D_QY)fk2(n3'n41C_QZ1D_QZ)
g2j2k2

. 1 .

x | XBYP 2 exp(—yrd) —XZYR ZE exp(—ord) drp dro. 1.2

/ppp p(’YlP)TlZQQQ p(’YZQ)PQ (12

The constants fg,, fg,r firs [iar fry @ fi, are the expansion coefficients used
in transfering two centers to a single center, and V; is the normalization coefficient of
function i. The other symbols denote

Y =a1+ az, (13
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Table 1
The ranks of suffix sets for orbitals up to d.

i gijika i g1jik1 i g1jik1 i g1j1ik1

1 000 11 210 21 310 31 121
2 100 12 201 22 301 32 112
3 010 13 120 23 130 33 400
4 001 14 021 24 031 34 040
5 110 15 102 25 103 35 004
6 101 16 012 26 013
7 011 17 111 27 022
8 200 18 300 28 202
9 020 19 030 29 022
10 022 20 003 30 211

Y2 =az + as, (1.4)
6 =1/(4a1) + 1/(4a2), (1.5

where a1, ap, az and a4 are the exponential coefficients of functions X, X», X3 and
X4, respectively. According to figure 1 we have

(al A+az B ) /71, (1.6)

= (a3C +aaD) /72, 1.7)
AP=p— A= ( A)az/ 1, (18)
BP= F ~B=(A-B)a/r2 (L9
CQ=Q-C=(D~C)as/r, (1.10)
DQ=Q-D=(C-D)as/r. (1.11)

In equation (1.2), AB denotes the distance between centers A and B, and CD de-
notes the distance between centers C' and D. The suffix sets (g1, j1, k1) and (g2, jz2, k2)
are taken for combinations of all possible values. Suppose that there are n kinds of
different combinations. If the orbitals up to d are considered, then n equals 35. The
ranks of suffix sets are listed in table 1.

Let us use n-dimensional vectors to express the coefficient and coordinate sets:

Fp=[F FB,..., F}], (1.12)
Fo=[F§.F§.-... F], (113)
Xp=[Xp,X3,...,X}], (1.14)
Yo =[Y3.Y5,.... Y5, (1.15)
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where

F}p = fgl (ll, lz, ﬁx, ﬁx) fjl (ml, mp, ﬁy, Wy)fkl (nl, na, ﬁz, Wz) y

1=1,...,n, (1.16)
Fg) = fgz (l3l l4|C_QX1D_QX)fj2 (m3| m4|C_QY|D_QY)fk2 (n31 n410_QZ1D_QZ)1

i=1....n, (1.17)
Xb=XGYRzy, i=1,...,n, (1.18)
Yi=XEYRZ%, j=1,...n (1.19)

The numerical orders of the suffix sets (g1, 71, k1) and (go, j2, k2) correspond with
the table 1 one to one.

Following equations (1.12)—(1.19), the formula (1.2) can be rewritten in matrix
form as follows:

ERL = N1NpN3N, exp<—ﬂﬁz> exp<—ﬂc—D2) FpZF).  (1.20)
al + az az + aq
In (1.20) Z is a(n x n) matrix defined as follows:
Z = XpZY}, (1.21)

where Z is an operator and its effect is

PG A 1 .
XpZY} = /X}p eXp(—ylrlzg)T—leg? eXp(—ygré) drpdrg. (2.22)

2. Application of the modified rotation transformation method in repulsion
integrals

In the molecular system, let the points P and (Q be the original points and their
components in the directions of z, y and z be the basis vectors. These have two
laboratory coordinate systems AXES P and AXES-(Q). They have parallel basis vectors
as shown in figure 2. Take the same coordinate transformation for AXES P and

AXES(Q to make their components in the z direction overlap with QAP. This leads to
the local coordinate systems AXES P’ and AXES-Q)’, shown in figure 3.

x” AXES-Q

Figure 2. Laboratory coordinate system.
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AXES-P'

Figure 3. Local coordinate system.

Obvioudly, Euler rotation can transform the coordinate systems AXES-P and
AXESQ to AXES P’ and AXES(Q'. Let A be the transition matrix from AXES P to
AXES P’ or from AXES(Q to AXESQ'. The relation is as follows:

Xp Xpr
Zp Zpr

According to equation (2.1) we get a (n x n) matrix T. That is the transition
matrix from Xp/ to Xp or from Yy to Yp:

Xp=TXp or YQ = TYQ/, (22)
tin tiz ... ti
tor tp ... ton

T=| " |- 23)
th1 th2 ... tnn

Substituting formula (2.2) into (1.21) leads to the following relation:
Z=XpZY)=TXpZY)T" =TZ'T", (2.4)
where
7' = XpZY}). (2.5)

Because of the coordinate systems AXES P’ and AXES-QQ’ have the same » axes
and z, y axes paralle to each other. There are many zero elements in the matrix 2’
due to the “orthogonality of the orbitals’. Because the two orbitals, centered on P and
Q, respectively, have different symmetry (such as belonging to different irreducible
representations of Cp, group), the integral between them should be zero [1]. When
n = 35, there are 1225 elements in the Z’' matrix, but only 335 of them are nonzero
and all of the others are zero. For this reason, we first calculate all of the elements
of matrix Z' according to formula (2.5), then, from equation (2.4), we can obtain the
matrix Z of the original system.
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3. Theanalytical expression of matrix Z’

The analytical expression of the two electron repulsion integrals is

al + ap az + aq
[ l1+l2 l3+la my+mp ma+mg ny+np ng+ng

ER1= N;NaNaN, exp(— 142 Ez> exp (— 4344 C—D2>

DD DY Z ForFis s fonfin s

91=0g2=0 71=0 j52=0 k1=0 ko=
PQ
F, 3.1
<45> (31)

X g g g Brl 72,1 sl S2, vBtl to,w

1L,72,W g1,92,v t1,62,w

where
1
Fin(w) :/ exp(—wt?) 2™ dt,
0
Bryrpu = (1) g1 g2! (4B1)™(453,)"262r1+72)
o (431)91(432)92691 192 111! (g1 — 2r1)! (g2 — 2r2)!
D) —2u
(_1)u6uPQ91+g2
ey s . @32
x (91 + g2 — 2r1 — 2rp) ullgs + g2 — 2(r1 + 72) — 2u]! 32
1 1
br=a1+az, Po=az+as, 6=—— 451 +— %
and

v=gqt+gptijtiztkitkr—(r1+ro+si+sot+it1+t)— (u+v+w). (3.3
The cycling ranges of the suffixes g1, g2, r1, 2 and u are

g1 O~ ly+1p, g2t O~ 3+ s r1:0~[9—21}; rs 0~ | Z];

2
. [91 +g2—2(r1 + 7"2)]
u: 0~ > .

The formulae for By, s, and By, 1,., have the smilar form of B, ,,.. They
describe the components PQy and PQz, respectively.
Comparing equation (3.1) with (1.7), we obtain the elements of matrix Z:

P
2] - Z Z Z Brlrzu slsngtltszl/< 4? ) (34)

1,72, 81,52,V t1,t2,w

The sets of suffices (g1, j1, k1) and (g2, jz2, k2) correspond with the number sets
in table 1.

When n = 35, there are 25 different kinds of combinations for the suffix set
(91,92) asin table 2. For the same reason, the suffix sets (j1,j2) and (k1, k2) have
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Table 2
Combinations for the suffix set (g1, g2)-

g1 92 g1 92 g1 g2 g1 g2 g1 g2

NP OPRFR O
OrmFPr oo
WNEFEDNO
ONDNEN
NWEF WwOo
WNWEFE W
P h~ODbw
AP, MAOW
A WADND
ArbhwbnN

25 different kinds of combinations, respectively. The form is the same for suffix set
(91, 92)-

According to the combination forms of suffix set (g1, g2) in table 2, expand and
calculate every term for B, ,, ., ad then merge the same-sort terms for v following
the definition the of v in equation (3.3). Finally we obtain the expanding expressions
of By, ., listed in table 3. Note that = is equal to the component PQz that emerged
in the formula (3.2).

On the basis of table 3 and according to the formula (3.4), we obtain the ex-
pression of each element of matrix Z’. In table 4 we listed the elements of matrix
Z'(35 x 35). lIts row indices vary with (g1, j1, k1) and colument indices vary with
(92,72, k2). Note that all of the 335 nonzero elements are dependent only on PQ,,
but independent of PQ y and PQ,-. The details are described in appendix B.

4, Conclusions

After the application of coordinate rotation transformation technology, due to the
specialty of coordinate systems AXES P’ and AXES(', it is possible to construct the
tables of elements for matrix Z’. Hence, the calculation of repulsion integrals involves
arithmetic operations and matrix multiplications only. This method avoided the cycling
of multiple suffixes. So we can say that the maodified rotation transformation method
for the computation of repulsion integrals is an improvement in program construction.

The program involving rotation transformation technology was run on an M340
computer. Comparing these results with those obtained from the method without
this technology shows that the calculation speed was increased. In our program the
percentage of nonzero matrix elements needed to perform the calculation is less than 30.
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Notes about table 3

(1) Intable 3 we listed the expanding expressions of B,, ,,.. Thedecisions of symbols
are as follow:

(1 g91'92!
Corge = (-1 2(451)g1(452)915gl+gz' (A1)

_@my@gyet
ol (g1 — 2r1)! (g2 — 2r))!
(—1)usv PQg1+gz—2(Tl+Tz)—2u

wlgr + g2 — 2(r1 + 2rp) — 2u]!’

(91 + 92 — 2r1 — 2rp)!

(A.2)

where
m=g1+g2—20r1+r2) —u. (A.3)
Note that = in table 3 denotes component P x emerged in equation (A.2).

(2) For agiven vaue of suffix set (g1, g»2), al expanding expressions of BTW’U depend
on the values of r1, 7 and u as are listed in table 3, and then, accordi ng to the
definition of ~;, merge the same-sort terms.

Appendix B

10
11

20
21

30

35

Figure 4.
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9%, ("r)(2/T) = °a 9%, ("r)(2/T) = °g 9%, (YY) = o
[,9,(gv),("gv)]/8v | OT &g [(Cor)e9,("gw)l/er | 6 €€ (9. Cor),(ov)l/8 | 8 82
Z9@/1) ="a %) | 6 8
("r,z +T)9— =29
gy x 2+
oy X v+ ("),71,9@/T) = 2
gy X 2+ n)r9— =g 7.9 =2q Se=2g
09, (Tey) = og (v + )z 9— =g oy + ) 9— =g
2,080y = g W9y = °g
[.9,Cov),(g¥)]/8 | OT /2
B8'2)| 6 Lz (9. Cov)('g)]/v | 6 2T 9%v'v) /v | 8 8
gl b gl b ‘gl b
(‘penunuoD)
v olqeL
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F9re/T)— =°4

(7% + 02)¢%,9W2/T) =
(7e9(2/3) + ?.9(e/e) = % ,290/T)— =4
Uy X G+ Ty X €)¢2:909/T)— = rd [y + ),z + 81129 /T)— = va (er,7 +21),72,00/1) =g
(Covtoy,z + v gy, + (v + [ x 2y + gv),2 + 2l 9— = tg
2y X G+ Yy X 9)7,9(@2/T) = td oy x 2)9]7,9(2/1) = &g Covev,z + (v + v)el,9 = g

(ey x 9 + ) rz 9@ /T)— = 2
2y, ("r)749@/T) =g

("o + 2y X V) e 9— =g
2y, (WW)z 40 = Td

YT 92— =T

GO%YY)/v— | 2T 02
Lo:CCov), (gv)l/ar— | 2T SE [,o.Cw),(op)]/8— | 2T 82 (€1'8T) | TT 6T
(er'sT) | TT OT (8'se) | 6 ¢t 6T'1T) | €T 8T

W2oW2/T)— =g 7.9 =

9@/9)— =¢g (7% +21),7,9(2/T) = vd (Cr,z +2)9— =g

(v + oy x 9),9(e/1) = 2 gy + 7 + T)e9(/T)— = &g (% + ov),92 =2

(v x 2+ )W /T)— =g [cov ey, % + Syl 9e— =1

9%y, ("O)(2/T) = °q 2y + Ty x 2],9@/T) =g

(v X 2+ ) W9 /T)— =g 9%V ) /v— | €T Gt
[.9,Co),("ev) /sy | 8 €€ 9%, (T)(2/T) = °g (oT'se) | OT 62
(wr'er) |2t T (8'se) | 6 62
(Trtn [ €T €T [o9,Co), ((e¥)l/8y | 8 &g (6'82) | 8 62

29W/T)— =4

296 =Yg ("7 +21),7,00/T) = va

[z(egv + o) +9le9— =g [(Cgy x 2 +
(Z%v v + 2y + v) 92 = 2 %y),z +9]0@/T)— =g
Wy 9e— =1d [(cgy + oy X )z +

99— =£g (v + o) ,21,9@/T) = g

(v + ov),92 = 2 9%V Y) /[v— | 2T 2T (v x 2+ Wp)p9— =g

Wiy 9e— =T (ot'ee) |oT v& 9%, (Ty) = °g

(8'ce) | 6 tE
LGowvom)l/v— | TT 1T (6'se) | 8 & [,9.Cv), (gv)l/8 | 0T 82
gl b gl gl ol
(‘penunuoD)

v oldeL
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#90/T)— =g

?29(€/01) = S ,29@/T)— =4

[(zgv + 27299 =g

%292 = 54 Ty X €),7 +0€]2.9(€/T)— = vd [y + Tp) +9lg9— = €

Z92T— =g (2gy + gy x €)7,92 = &9 2oy + )92 = tg

To,97% = EF YTy 92— = 92— =9
[9:Cov), (")) /z— | LTz [,9:Cov),("ow)]/2t— | ST Sz G9%VY) /v— | ST ST
(v1'82) | 2T 62 (er'er) | ¥T_ ¥1 (r1'82) | 2T 62

Z96— =g

2(%y + Yy X v),9 = &g

("o + 2y x Wz 9— =g

2y, (Tr)z .0 = Tq
[,9:C%),("9r)]/8— | 2T 12
(r'tT) | ST €T (bT'ee) | 2T € (€T'se) | TT 92

229 =V 2e9(2/S)— =g 229€/T) =

[2(Cov + 2) + 2l9— =t (v + Ty x 9)2,0(@2/T) =g (Pv,z +9)7.9€/T)— =ra

[egov,z + (v + Tov)el,9 = 2 ey x 2 + ) rz 9@ /1) — = 2 2(%y + ), 92 = &d

yly9z— =19 Wy, (") 972 /T) = Td Wyl g97e— = g
GOV [v— | ¥T 2T [,9:Cov),("g¥)]/ev— | 2T €€ [,9:Cov),("g¥)]/eT— | €T Sz
F9=rd (tr'oe) | TT 1€ (€er'ze) | 1T 2

("r,z + 29— =29 Z,99— =g Z92— =vq

(v + o),92 = 2q gy + v)z,92 = &g 2oy + )92 = g

WYy 92— =19 WyTvz 92— =3 Lyt 92— = 2d
GOV /= | 9T TT [,9:Cov),("g¥)]/v— | T 0€ [,9:Cov),("g¥)]/et— | €T 2z
gl Lo gl Lo gl Lo

(‘penunuo))
v al0elL
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Z90/1)— =54

("gy,% +21),7909/1) = vg
[2Cgy + Ty x 2) +2l9— =g
oy ev,z (20 + Tv)el,9 = td

%9 =4
("gp,z +9)7,9— =rg
gy + Ty x €)z,92 =t

v 92— =19 YTy 92— = ¢d

(9% ) /2T~ | 0z 2T 27,9 =954 [,9:(ov), (")l /21— | ST 2z
9C— =¢tg ("ovrz +9)7,9— =g

gy + "ov),92 = ¢d (v + Wy x €)7,92 = &4 Z9p— =vg

Wigv 92— =19 Sz 9 — = 2 vz, 9v = &g
GCogvigp)]/et— | 6T TIT [,9:Con),(Coml/v— | 9T 0€ [,9:Cov),("g¥)/9— | 1T T2
(er'se) | ¥T se (er's8e) | ¥T 62 (et'02) | ¥T  0Oc
(cr'ee) | ¥T vE (GT'81) | 9T 6T

9 ="d

e?9@/1) = s (2 +2)e9— =2

2oy + Tgp) +9]2.9(2/T)— = va (% + Tov),92 = g

[covroy,z + Wty 9e— =g

gy x €+ gy X )]z, 9@/T) = tg

Z29e/T)— =rg Gy x ¥ + 9p)Tpz9— =g GO%VTOY) /v— | ST 8T

(v + Ty x 2)7,9@/1) =g Uy, (Tr)z 49 = Tl 29 =V

(v x 2+ ) 9%(2/T) — =g 98— = &g

Uy, (‘)2 49/T) = e [,9:(ov),("e)]/8— | ¥T 82
(et'12) | v1 12 GOVTOV)/1— | LT LT
[,9,Cop),("ov)/sv— | ¥T €€ (ST'se) |9z 9z (sT'sT) | 9T ot
gl b e gl b gl b
(‘penunuoD)

v oldeL
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W =g
(o + ) ov— =g
Wyt = 2q

029e/T)— =24
,2909/9)— =g
(g + ") + 0€],7,99/T) = vel

9200 "Y)/9g | €2 T2 [zCoy + T9p)9 + 0Tl9(e/T)— = &g
L9(E/02) =g 9@/ — =24 oviey,z + oy + Tv)el,9 = g
(o + W) — = tg (2% + 02)g%,9@T/T) = 4 yrp9e— =1d
v 0y = 2d [(coy x e+
oy X T1),Z +0]7,9(9/1)— = g (9% ) /9e— | 02 02
9200 Y)/9g | T2 T2 [y x € + gy)gy,7 + (8T'sT) | 6T 6T
ZWrT/T) =29 (v + "oy x 2)8T)%,9(9/T) = &
&9/~ =°a (B < ¥ + W)z 9— =2 9E/01)— =va
[, (v + 20y, (Tv)Z2,9 = Td gy + ),92 = g
o) +Gel,7,9(t/1) = s Wyly9e— =19
[2(gy + [,9:Cov) ("g¥)]/ve— | 0z 82
Ty x 2) + 112.909/9)— =g 290/1) =g (9% ¥)/9e— | 8T 8T
Gy x 9+ p) Wy, + ("gr,z +€)7:9€/T)— =ra (8T'sT) | 6T 9T
(v + v x 2)oel?,9@t/T) = g [,("op),7 + Z9=rd
(v x 9 + 1)z 9@ /T)— = 2 (v + Ty x 2)9]7,909/1) = &g (7 +2)e9— =2
Wy, (Tor)2 9@ /1) =g (v X 2+ ) rr9— =g (20 + )92 = tg
2y, (r)7g9 = Td Wyl 9z— =1d
[,9:Con), (")) /w1 — | 0z GE
(0z'ee) | 0z v& Lo:.Cov),("ov)/ve— | 0z 12 GovTgy)/et— | 8T ST
(oz‘zr) |02 ¥1 (ST'z2) | 9T e
(1) | 8 €I (9T'0g) | ST 1€ (T'12) | LT €2
gl ol e gl b e gl b e
(‘penunuoD)
v a|eL
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Ze9/e)— =

[y + v x ¥),7z +9],9(@/T) = va
{Cav + gv)8 + [egop x

Z+ (W)],7 Y0/ =ta
L(gv)av,z + (v + gv)e +

Wy x 8),9(/T) = 2

oy + W)y, 9¢— =9

NNM%N| = mm.
oy + Tdv),= +2l,92 = v
oy Top,= +

(o + v)ele9e— = ed
2T 9p = g

W229(E/T) = °d

@1 + %,2),70€/T)— =4

(v x T+ 9p),%,92 + 97 =d
v,z +

oy + v)ele9e— = tq

A,9%079) = o 9%V ) /2T | v2  0e YTy 9r = 2
(sz'se) |9z 9z
L%V Y)/9T | 62 12 (¢z'se) | vz 92 L9000 )/9e | 22 a2
(tz'1e) | e2 €2 (8T'S2) | BT 92
Z29(T/1) = S
("o, +€)7:90/T)— =rd
[("ov),= +
(v + v)9lz,0@T/T) = ta (ep,z +9)7:9(€/T)— = v
oy x 2+ )z 0(/T) - =g %y + )z, 92 = &g
oy (‘)2 49@/T) = Td Yylyz 92— = ¢
(€2'12) | 12 ¢£2 [,9:Cov),("g¥)]/vvT— | 02 €€ [,9:Co),(e¥)/9e— | 8T a2
Ze9(E/0T)— =g (8T'22) | 6T 12
[Cavtar),z9 + 02, 9(€/T) = g Z92— ="
ovov,z + (v + ov)z, 92 = &g ze9(€/0T)— =g
(o + gv)el9e— = eq Sz 9 — = 2 %y + )z, 92 = &g
Ty 9 = 2 WYy, 2 92— =
[,9:Co), ("e¥)]/2T— | 6T 0OF
L%V Y)/9g | 22 22 (0z'sz) | 0z 62 [,9:.Cov),(g¥)/oe— | 8T 22
gl b gl gl ol
(‘penunuoD)
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(Sz'z2) | 9z vz
(ez'ze) | vz 2z
4,96 =g W229(E/T) = °d
oy + T)g99— = &g (2" +21) + ,2.9(€/T)— = s
oviay x 9 + (v + v)],9 = g ("ov x 2+ %),2,92 + 97 = v
gy + "w)edvidy, 92— =T [eovroy, =z +
W(z9%0Y Y) = °g (v + v x 2)el92— = tq
2T 9y = g
Ze9@/e)— = LG9 Y) /ot | 12 12
(g + 2y x 2),% +9],9(2/1) = va (9z'oe) | sz 1€ 9%V V) /9e | G¢ 2z
[y + Tgv)8 + 2w (2 + (te'ze) | ez ze
oy X 2),21.9@/T)— = ¢g W29E/T)— =9 29— =g
{[,Cov) e,z + [, + (2T +21),79(E/T)— =59 [eov= +2l,92 = vl
) + Wty X 81159(2/T) = 4 [Cov + Ty X 2),% +2l,92 = vdg 2y + ) or— = tg
(2o + "v)evioy,9¢— =dq Covev,z + (2 + v)el9e— = &g YTy 9r = g
S,9%v'y) = °g oy = 2
9%V V) /2T | T2 2€
9% Y)/9T | L2 62 9% ) /2T | 92 0g (Fz'oe) | 22 TE
gl Lo gl Lo ‘gl b
(‘penunuoD)
v al0elL
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[((oy x g+
Ty X €)% +v],79@CT/T)— = g

WZ90/T) = °g

[(cgy x ze + gy x €) ¥ (62'ce) | 82 v | [,2(%y + ov) + 21,290 /T)— = g
%Wy, 28y /T) + ;2(%y X (Lz'ee) | L2 ¥ {ovey,z + oy +
LT+ Ty X 21) + 01],90/T) = vg Z9W/T)— =g OyWTlZ + 2t hoWw/T) = va
{;CGov)e + [,(ov + {egv™oy x 9 +
Wty X vT + (1gp)],7 + oy X 2),%7 +2),90/1) = va Sy + )],z +
Zt(%y + ) }9r/T)— = e (el x 2+ )Ty, + 8(%y + 1) 19 /1) — = &
[y x z + (v + w19 /1) — = e {Cy + p)edy 2Ty +
0Y)r,% + Wty ¥ {7 (on)ey + [y + [CGoy + o) +
9+ ,(%y + )] 9(e/T) = g oY) + Wiy X 2legoWw/T) = g YTy X ¥le}9@/T) = g
(v + "v)evgy,9— =Tdq (v + Tov)eovtov,0— =g (2o + "v)evioy,9¢— =g
2,907 ) (2/T) = °g 9% ) (2/T) = °g 9% ) = °g
L9V ) /96 | 62 SE L(:9%V0Y)/96 | 62 €€ L(;9%v'¥)/9T | 82 62
W229W/€) = °d
[#(eov +
oY) +9€],7.9W/T)— = g
{ovrav,z + (v +
oy)8tl,z +9e}, o /T) = va
{ovtoy x 21 + 029BT/T)— =g
(G + 19p)],7 + »229€/5) = °q
2Ty + ) 39 /1) - =t (v + Ty +08),79(€/T)— = %4
{(eov + [y +
o), 2y + [y + Ty),72T +02),9(€/1) = va
o) + vty X 9lz},9(2/T) = [eoviey,z +
oy + "v)ev'oy,9¢— =g (8z'62) | 62 82 gy + v)ele9e— = &g
A,9%079Y) = °g (62'62) | 82 8¢ YTy 9r = g
(L2'62) | 12 82
9% v)/9T | 62 62 (62'22) | 82 12 L(:9%v'¥)/9g | Sz Sz
gl Lo ‘gl Lo ‘gl Lo
(‘penunuoD)
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(Lz'se) |82 se 29 /9)— =g
[(zgv +
oy X 9),% +0T),9(0/T) = e
[Cov x 2 + Wy) v,z +
b229 = °d 2Ty + )]0/ T)— = &g
Ze92T— =59 {2, ("gw)eoy + [covoy x
(o + "),z +9l,92 = v Z902/T) =% 9+ (% + )]} 0r/T) = 24
oy + M) ov— = g (7% +9),7.9(@T/T)— =4 ey + )iy ,9— =g
Wty = 2q {;Cov),7 + [z (v x 927 ) (2/T) = °q
Z+ ) +Tlet},9e/1) = va
LUV /v | 2€ 2 [y + oy x 2)ev,z + 9%V'6Y)/96 | 82 €€
(og‘oe) | 18 1€ (v + r)ele9e/1)— = ea ,9(@/8) =va
Z.99— = S LGV ev,7 + [Covigy X 2y + gy)9e— = tg
(o + )7 +9l,92 = vq z+ (v + ov)l0(/T) = g [cov'gy x 9 +
[eover,z + (e + )iy, 90— =g S + )] 9(@2/T) = g
gy + r)el9e— = &g 920 (2/T) = °g (v + Tov)eovtov,0— =g
AWyl g9r = g 9207 9r)(2/T) = °g
9%V Y)/96 | L2 GE
L9%WVY) /v | 08 0F (8z'ce) | 62 W€ 9% ) /96 | Lz €€
029BY/T)— =g
(7% + 0£),7,9(87/T) = °d
gl Lo gl Lo ‘gl Lo
(‘penunuoD)
v aldeL
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(ce‘'ee) | s vE
%Ne\id =8g (ec'ee) | v €
029@L/1)— =14 (re'ee) | e vE
[Se + (% + 67),2(2/T)],7,902/T)— = % W229@r/T) =%
(%y + 1v),7:98/S) — 7:9(9/5€)— = Sq (2" + 2T),7:9@Y/T)— = g
[Coviey x 2t + ,(ov) + ,("9m)],9,2@r/T) + [("ov2) @t /1) +
[y + W) 250 + &gl 9@T/T) = va gy + v x 2)7 +11,90/T) = v
{ovtay x 21 + (%) + ,(p)],z + [ty x 2 + ()] x
[y + )0t + ;2193w /T)— = ¢g 224962°0 — (%Y + T)g9(2/T)— = &g
(v + )2y, Z 9 W/T) + 9,7 4952°0 +
[,Cg) + 2gvey x 2T + ,(gp)]oWw/T) = 2g [LCgP) + vy X v + ()94 /T) = 2g
(g + v)edviey,95°0— = Td By + v)egviey,950— = Td
SOV, 9)520 = °g (Vv 9)520 = °g
LG9%r )/ (iv) | S8 SE L9 y)/ (iv) | € €€
,952°0 = v
(% + Tg¥)4950— = &9
[Cov) + ,("ov) + 2ovgy X ¥1,962°0 = 29
(g + vy 'oy,950— =T
/D) eV ev,9)520 = °g
»2298v/T) = g
{[,Ca) (@1 /1) + 2y x ¢ + vlz +TL,94/T) = v L0%v'Y)/ (iv) | ¥& €€
{Eovray x 2 + ()7 + gy + Tor)e 9w /1) — = &g (v + Wr)952— =g
o)W,z + (%) + vy X v + (90190 /T) = g [.(ev) + vy x 2T + ,(")]g952°0 = 24
(g + vy oy,950— =1q 2oy + vy 'oy,950— =1
OV, 9)s2 0 = °F eV ev,9)520 = °g
9% )/ (iv) | €€ G 9% )/ (iv) | €€ €€
‘gl Lo ‘gl Lo
(‘penunuoD)

v algeL
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Notes about table 4

(1) The suffixes ¢ and j correspond to suffix sets (g1, j1, k1) and (g2, jz2, k2), respec-
tively. Their relations were presented in table 1.

(2) The difinition of B, in table 4 is as follow:
Bl/ = BT]_,Tz,uBS]_,Sz,I/Btl,tz,u}/cij' (Bl)

The suffix v was difined in equation (3.3). The first contant expression of every
matrix term is the common coefficient of B,. This coefficient C;; was defined as

Cij = CQl:QZleerCklvl‘CZ’ (B.2)
The difinition of Cy, 4, refers to the formula (A.1) in appendix A.

(3) Asshown in figure 4 the shadowy part denotes that these elements were listed in
table 4. The other terms of matrix Z’ have relations to that listed as follows:

@
C,y = {Cji; when j is even,

~Cyi; whenjisodd, [O%<J (B.3)

(b) For i < j, exchange (31 and (3, in expressions of B,,.
(4) The space terms in table 4 are the zero terms of matrix Z’.

(5) The relation between z;; and B, is as follow:

—=2
z; =Ci; Y _B,F, (%). (B.4)

The F' function refers to [3].

Appendix C. The rotation matrix

If
x! x
y|=Alyl,
2 z
then X’ = TX, where
2.2 2.2 .2 3

X:[lxyzxya:zyzx y< z xya:zxy yzxz yz xyz:z: y z

T
x y 3z :L“y y zxz yz3 xzyz 2?2? y2z2 xzyz :L“y z xyzz z* oyt z4] ,
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Il .
A
T= B ,
C
L D
where
A B C
| =111, A= |D FE F|,
G H I

AE+BD AF+CD BF+CE AD BE CF]
AH+BG AI+CG BI+CH AG BH C(CI
DH+EG DI+FG FEI+FH DG GH FI

2AB 2AC 2BC A2 Bz (% |
2DFE 2DF 2EF D? E?2 F?
| 2GH 2G1 2HI G2 H? |2

C=[C1 C2 (5 C4 05 Cs 7 Cs Cs Cio |,

C1=[2ABD + A’E 2ACD + A*F 2ABE + B?D 2BCE + B°F

2ACF + C?D 2BCF + C?E 2(ABF + ACF + BCD) A’D B?E C°F],
Co=[2ABG + A’H 2ACG + A%I 2ABH + B°G 2BCH + B*I 2ACI + C*G

2BCI + C?*H 2(ABI + ACI + BCG) A*’G B*H C?I],
C3=[2DEA + D*B 2DFA + D?°C 2DEB + E?A 2EFB + E*C

2DFC + F?A 2EFC + F?B 2(DEC + DFC + EFA) D?A E’B F?C],
Cs=[2DEG + D*H 2DFG + D?I 2DEH + E°G 2EFH + E°I

2DFI + F?G 2EFI + F?H 2(DEI + DFI + EFG) D?°G E?H F?I],
Cs=[2GHA + G?B 2GIA+ G*C 2GHB + H?A 2HIB + H?C 2GIC + I?A

2HIC +I°B 2(GHC + GIC + HIA) G*A H?B I1°C],
Ce=[2GHD + G°E 2GID + G°F 2GHE + H?D 2HIE + H°F

2GIF + I?D 2HIF + I’E 2GHF + GIF + HID) G?D H?E I°F],
C7=[(AE + BD)G + ADH (AF + CD)G + ADI (AE + BD)H + BEG

(BF + CE)H + BEI (AF +CD)I + CFG (BF +CE)I + CFH

(AE + BD)I + (AF + CD)H + (BF + CE)G ADG BEH CFI]|,
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Cg= [3A°B 3A°C 3AB? 3B*C 3AC? 3BC? 6ABC A® B® (9,
Co=[3D?E 3D’F 3DE? 3E’F 3DF? 3EF? 6DEF D* E® F3,
Cro= [3G?H 3G?I 3GH? 3H?I 3GI? 3HI? 6GHI G* H*® I,

.
D= [D1 D> D3 D4 Ds Dg Dy Dg Dg D19 D11 D1p D1z Dis Dis]

Dy = [34°BD + A’E 3A’CD + A’F B3D +3AB?E 3B?CD + B®F
C3D + 3AC?F CP°FE + 3BC?F 3AB?D + 34A?BE 3AC?D + 3A°CF
3BC?E + 3B2C'F 6ABCD + 34?CE + 3A?BF 6ABCE + 3AB%F
+3B*CD 6ABCF +3AC®E +3BC?D A°D B°E C°F],

Dy = [3A°BG + A®H 34°CG + A’I B%G +3AB?H 3B?CG + B°I
C3G 4+ 3AC?I C3H + 3BC?I 3AB%G + 342BH 3AC?G + 34%C1T
3BC?H + 3B2CI 6ABCG + 3A2CH + 3A?BI 6ABCH + 3AB?I

+3B2CG 6ABCI + 3AC?H +3BC*G A%G B®H C°I],

D3=[3D?EA+ DB 3D?°FA+ D3C E®A+3DE?B 3E*FA+ E3C
F3A+3DF?C F3®B+3EF?C 3DE?A+ 3D?EB 3DF?A + 3D?FC
3EF?B + 3E?FC 6DEFA + 3D?FB + 3D?EC 6DEFB + 3DE*C

+3E°FA 6DEFC +3DF?B +3EF?A DA E°B F°C],

Dy=[3D?EG + D*H 3D?FG + D®I E®G + 3DE?H 3E°FG + E°I
F3G +3DF?] F°H + 3EF?I 3DE?G + 3D?EH 3DF?G + 3D?*FI
3EF?H + 3E*FI 6DEFG + 3D?FH +3D?EI 6DEFH + 3DE?I

+3E°FG 6DEFI +3DF?H + 3EF?G DG E*H F3I),

Ds=[3G*HA + G®B 3G*IA + G®C H®A+3GH?B 3H*IA+ HC
A+ 3GI?C I’B+3HI?C 3GH?A+ 3G?HB 3GI?A+ 3G?IC
3HI’B + 3H?IC 6GHIA+ 3G?IB +3G?HC 6GHIB + 3GH?C

+3H%IA 6GHIC +3GI°B + 3HI?A G*A H®B I°C],

D= [3G?HD + G®E 3G?ID + G®F H®D + 3GH?E 3H?ID + HF
I3D + 3GI?F I°E +3HI?F 3GH?D +3G?HE 3GI?D + 3G%IF
3HI?E + 3H?IF 6GHID + 3G%IE +3G?HF 6GHIE + 3GH?F

+3H%ID 6GHIF +3GI°E + 3HI’D G°D H°E I°F],

D;=[2ABD? + 2A’DE 2A?DF + 2ACD? 2B?DE + 2ABE?
2B?EF + 2BCE? 2ACF? 4+ 2C2DF 2C?EF + 2BCF?
4ABDE + B?D? + A2E? 4ACDF + C?D? + A’F?

ABCEF + C?E? + B2F? 4ACDE + 4ABDF + 2A’EF + 2BCD?
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ABCDE + 4ABEF + 2B?DF + 2ACE? 4ACEF + 4BCDF + 2ABF?
+2ACE?* A’D? BE? C%F?,

Dg=[2ABG? + 2A*GH 2A*GI + 2ACG? 2B*GH + 2ABH?
2B2HI + 2BCH? 2ACI? + 2C?GI 2C3HI + 2BCI?
AABGH + B?G? + A?H? 4ACGI + C?G? + A?I?
ABCHI + C?H? + B%I?> AACGH + 4ABGI + 2A?HI + 2BCG?
ABCGH + 4ABHI + 2B?GI + 2ACH? 4ACHTI + 4ABCGI + 2ABI?
+2ACH? A?G* B®H? C°I?,

Do = [2ABG® + 2A*GH 2A®GI + 2ACG?* 2B*GH + 2ABH?
2B2HI + 2BCH? 2ACI? +2C?GI 2C3HI + 2BCTI?
4ABGH + B2G? + A’H? 4ACGI + C?G? + A%I?
ABCHI + C?H? + B?I?> AACGH + 4ABGI + 2A?HI + 2BCG?
ABCGH + 4ABHI + 2B?GI + 2ACH? 4ACHTI + 4BCGI + 2ABI?
+2ACH? A’G* B®H? C°I?,

D= [ADH + EG) + 2ABDG A*(DI + FG) + 2ACDG
B?(DH + EG) + 2ABEH B?*(EI + FH)+ 2BCEH
CXDI + FG) 4 2ACFI C*EI + FH)+ 2BCFI
2AB(DH + EG) + B2DG + A2EH 2AC(DI + FG) + C?DG + A?FI
2BC(FI + FH)+ C?EH + B?FI 2AC(DH + EG) + 2AB(DI + FQ)
+ A%(EI 4+ FH) 4 2BCDG 2BC(DH + EG) + 2AB(EI + FH)
+ BX(DI 4+ FG) 4+ 2ACEH 2AC(EI + FH) + 2BC(DI + FQG)
+ C*DH + EG) + 2ABFI A’DG B®EH C?FI|,

Dy = [D¥(AH + BG) + 2DEAG D*(AI + CG) + 2GFAG
E?(AH + BG) + 2DEBH FE?*BI + CH)+ 2EFBH
F(AI + CG) 4+ 2DFCI F*(BI+ CH)+2EFCI
2DE(AH + BG) + E2AG + D?BH 2DF(AI + CG) + F?AG + D*CI
2EF(BI + CH) + F?BH + E?CI 2DF(AH + BG) + 2DE(AI + CG)
+ D*(BI + CH) + 2EFAG 2EF(AH + BG) + 2DE(BI + CH)
+ EX(AI + CG) + 2DFBH 2DF(BI + CH) + 2EF(AI + CG)
+ F3(AH + BG) + 2DECI D?AG E’BH F?CI|,

D= [G*(AE + BD) + 2GHAD G*(AF + CD) + 2DIAD
H?(AE + BD) +2GHBE H?*BF + CE)+2HIBE
I’(AF + CD) + 2GICF I*(BF + CE)+ 2HICF
2GH(AE + BD) + H?AD + G?BE 2GI(AF + CD) + I’?AD + G*CF



84 L. Jingjiang et al. / Modified rotation transformation method

2HI(BF + CE) + I’BE + H?CF 2GI(AE + BD) + 2GH(AF + CD)
+ G¥BF + CE) + 2HIAD 2HI(AE + BD) + 2GH(BF + CE)
+ H*(AF + CD) + 2GIBE 2GI(BF + CE) + 2HI(AF + CD)
+ I*(AE + BD) + 2GHCF G?AD H°BE I*°CF],

Di3=[443B 4A%C 4AB® 4B3C 4AC° 4BC® 6A%B* 6A°C? 6B*C?
12A°BC 12AB?C 12ABC?* A* B* ¢4,

Dw=[4D3E 4D®F ADE® AE®F ADF® AEF® 6D?E? 6D°F? 6E°F?
12D’EF 12DE’F 12DEF? D* E* FY,

Dis=[4GH 4G®I 4GH® 4H®I AGI® 4HI® 6G*H? 6G?I* 6H?I? 12G*HI
12GH?I 12GHI? G* H* IY].
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